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Mass conserved Allen-Cahn equation

dp 1

— =A flo)—— | f D, t>
o7 = Do+ fle) =7 [ o xeD, 120
Vep.n=0, on 9D x R™
QO(O,X) = SDO(X)a xeD

f has exactly 3 zeros —1 < 0 < 1 and
f(£1) <0, f(0)>0

A typical example is : f(p) = ¢ — ¢°
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Deterministic mass conserved Allen-Cahn equation - linear diffusion.
Binary mixture undergoing phase separation.

(J. Rubinstein and P. Sternberg,IMA Journal of Applied Mathematics,
1992).
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Mass conserved Allen-Cahn equation

Ao 1 oW

Aot fle)— — [ f ° D, t>

o = Ap+fe) - [ M)+ TE xeD, 120
Vep.n=0, on 0D x R*
¢(0,x) = o(X), xeDb
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Singular limit of the stochastic mass conserved equation - linear
diffusion.

Motion of a droplet.

(D.C. Antonopoulou, PW. Bates, D. Blémker and G.D. Karali, SIAM J.
Math. Anal., 2016).
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Nonlocal Stochastic Reaction-Diffusion Equation with nonlinear
diffusion

92 .
2 >
T div(A(Ve)) + f(p) ] / f(p dx+ ,xeD, t>0,
(P) 4 A(Vy).n=0, on 9D x R*
¢(0, x) = po(x), xeD

Existence? uniqueness?
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e Ais Lipschitz continuous from R” to R”
e Ais coercive

(A(a) — A(b))(a— b) > Co(a— b)?, Cp>0

forall a,b € R".

(T. Funaki, H. Spohn,Communications in Mathematical Physics, 1997).

Remark:
If A=/1= —div(A(Vu)) = —-Au.
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e The function W(x, t) is a Q-Brownian motion in L2(D).

0= 3" ADQHer() = 3 vAuBilex(x)
k=1 k=1

where:
@ {ex}k>1is an orthonormal basis in L?(D) diagonalizing Q.
@ {\«}k>1 are the corresponding eigenvalues for all k > 1.
@ Qs a nonnegative definite symmetric operator on L2(D) with
TrQ < 4.

TTQ= Z (Qex, ex) Lz Z)\k < Ao.
k=1
@ {Bk(t)}«>1 is a sequence of independent (F;)-Brownian motions
defined on (2, F,P).
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A preliminary change of functions

We consider the nonlinear stochastic heat equation (N.V.Krylov and
B.L.Rosovskii 2007)

OWa ow

wTE = div(A(VWy,)) + TR xeD, t>0,
(P1)  § A(V(Wa)).n=0, on 9D x R*
WA(O,X):O, xeD

Q@ W, e =0, T;L2(2x D))NL2(Q x (0, T); H(D));
div(A(V Wy)) € L2(Q x (0, T); (H'(D))).
Q W, satisfies the integral equation
t

Wia(x, 1) = /0 div(A(Y Wa(x, 5)))ds + W(x, 1)

o Wye [0, T;L9Q x D)) for all g € [2, ).

Perla El Kettani (University of Paris-Sud) Seminar ANEDP 4 mai 2017 9/22



A preliminary change of functions

We define :
u(t) := o(t) — Wa(t),
. Battl = div(A(V(u+ Wa)) — A(VWa)) + f(u+ Wy)
1
(P2) 1] / f(u+ Wa)dx, xeD, t>0,
A(V(U+ Wp)).n=0, S —,
| u(0,X) = po(x), xeD

Remark: The conservation of mass property holds, namely

/ u(x, t)dx = / wo(x)dx, a.s.fora.e.tcR*.
D D
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A preliminary change of functions

We work with the following spaces:
H = {ve LZ(D),/ v_O}, V=H'(D)nH and Z= VL
D

Q uc =0, T;L2(2xD))NL2(Qx (0, T); H'(D))NL?P(Qx (0, T) x D);
div[AV (u + Wp)] € L2(Q2 x (0, T); (H'))
©Q u satisfies the integral equation a.s.:

u(x,t) = ¢o(x)+ /Ot div[A(V(u + Wy)) — A(VW,)]ds

t t
+/ f(u+ WA)—/ 1—/ f(u+ Wy)dxds
0 o IDlJp
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Existence of a solution of Problem (P-)

There exists a unique solution of Problem (P>).

Proof:

We apply the Galerkin method. Denote:

e 0 <y <7 < ... < < ... eigenvalues of —A with homogeneous
Neumann boundary conditions.

e Wy, k = 0, ... smooth unit eigenfunctions in L2(D).
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Existence of a solution of Problem (P-)

Lemma

The functions {w;} are an orthonormal basis of L2(D), in particular:

/ijozo forallj#0 and wy = ——.
D |D|

v

We check that / w;(x)dx = 0 for all j # 0. O
D

.
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Existence of a solution of Problem (P-)

We look for an approximate solution of the form
T 1
Un(, 1) = M= 3 tin(t)h, M = 5 /D o(X)dx
i=1
which satisfies the equation:
/ g(u (x,t) — M)w;
pot T J
=~ AV (= M+ W) = AVWaDIT W+ | Hum -+ W

—|1D|/D(/Df(um+ W) dx) widx,

forallw, j=1,...,m.
m
Um(x,0) =M+ Z(g@o, w;)w; converges strongly in L2(D) to g as
i=1
m — oo.
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Existence of a solution of Problem (Px)
Remark: The contribution of the nonlocal term vanishes !!
/Wj(x)dx —0, forall j#0
D

¥
_\10!/0(/Df(um+ Wa)dx)w; =0

| gitumx.t) = myw,

—— [ AT (un— M+ W) = AWV + [ i+ Waw,
D D

forallw, j=1,...m.
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A priori estimates

Lemma

There exists a positive constante C
E/(um(t)—M)zdx < C, forall tel0,T]
D
;
IEJ/ /[V(um—M)\zdxdt < ¢
o Jb
T
E / / (um — M)?Pdxdt < C
0 D
T o
B[ [+ wa)s <
o Jo
.
]E/O |AVA(Y (U + Wa)) 3y, < C
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A priori estimates

Hence there exist a subsequence which we denote again by {un — M}
and functions

u—Me [3(Qx(0,T); V)NL2P(Q x (0, T) x D)N L>(0, T; L2(Q x D)),
x and ¢ such that:

Un—M — u—M weaklyin L3(Q x (0, T); V)
and L2P(Q x (0,T) x D)
Un—M — u—M weakly starin L>(0, T; L?(Q x D))
fum+ Wa) — x  weaklyin L27(Q x (0, T) x D)
div(A(V(Um + Wa))) — o weakly in  L2(Q x (0, T); (H'))

as m — oo.
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Passing to the limit

We pass to the limit as m — ~

t t
(u(t) — M, w) = (g0 — M. w) + /0 (® — div(A(Y Wa)). w) + /0 (o W)

for all w € V N L?P(D).

It remains to prove that :

(D4, W) = (div(A(V(u+Wa)))+F(u+Wa(t)), w) forall we VNL2P(D).
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Monotonicity argument

(M.Marion 1987- N.V.Krylov and B.L.Rosovskii 2007)

e For the nonlinear diffusion term use coercivity !!
e For the reaction term use change of function !!
e Nonlocal term vanishes !!
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Uniqueness

Proof:
e Let uy and up be two solutions of Problem (P;)

s (1) — uat / Av(A(V(us + Wa) — AV (Uz + Wa))

+/ [f(U1 + WA) = f(UQ + WA)]
0

‘\1D| /0 0 /D F(un + Wa) — /D (o + Wa)a].
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Uniqueness

e Taking the duality product with uy — uo
e Same initial condition uq(x,0) = us(x,0)

|D|/[/fu1+WA /fu2+WA]/u1—u2

e Taking the expectation of the equation

t
B [ (un — w00k < GoE [ [ (ur — )Pl s,
D o Jp
By Gronwall's Lemma

uy=up a.e. inQ2xDx(0,T).
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THANK YOU FOR YOUR ATTENTION !
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Brownian motion

Brownian motion is described by the Wiener process. The Wiener
process W; is characterised by four facts:

Q@ W,=0.
@ W, is almost surely continuous.

© W;has independent increments means thatif0 < s; <t; < s < b
then Wy, — Ws, and W;, — Ws, are independent random variables.

QO Wi— Ws~N(0,t—s)(for 0 <s<t).

N (u, 0?) denotes the normal distribution with expected value 1 and
variance o°.
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Appendix

Let Wy be a solution of Problem (P;) there holds
Wy € L>(0, T, L29(Q x D)), forallg > 1.

For any positive k, denote by &, the even function such that

x29,
0] =
) { a(2q ~ 1)KGx2 — 4g(q — )KETx + (g — 1)(2q ~ K2

®y is a C?-convex function and &/, is a Lipschitz-continuous function
with &} (0)=0. Thus for any positive x, one gets 0 < @} (x) < c(k)x

and 0 < &x(x) = [ &} (s)ds < x2. This yields that,
E [, dk( WA(x, t))dx < °‘<2k E [, Wf\ (x,t)dx < ¢(k) fora.e. t € [0, T].

One has 0 < ®//(x) < 2q(29 — 1)(1 + ®k(x)), for all x € R.
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Appendix

Taking inspiration from Debussche, Hofmanova and Vovelle we prove
a generalized 1t6 Formula for weak solutions of Problem (Py).

Let W, be the solution of Problem (Py). Then almost surely, for all
te[0,T].

/ O(Wa(t))dx = / t / &', (Wa(s))div(A(Y Wa(s)))dxds
D 0 JD

+ [ t || ok(Wa(s)aw(s)

+3 Z/ / " (Wa)\ €7 dxds (1)

Perla El Kettani (University of Paris-Sud) Seminar ANEDP 4 mai 2017 22/22



[t0’s Formula

Definition

Let ® be an H-valued process stochastically integrable process, let h
be an H-valued progressively measurable Bochner integrable process
and X(0) an F, measurable H-valued random variable. Consider the
following well defined process :

t t
X(t) = X(0) +/ h(s)ds+/ o(s)dW(s),t € [0, T].
0 0
Assume a function F : H — R and its partial derivatives Fx, Fxyx, are
uniformly continuous on bounded subsets of H. Under the above
conditions, P-a.s., for all t € [0, T].

t
F(X(1) = F(X(O))+/O<Fx(X(S))7h(S)>dS

+ t<Fx(X(S))»¢(S)dW(S)>H+; tTf(Fxx(X(S))(¢(S)\/»
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Appendix

Taking the expectation of (2) one has that

t 1 t
E/q)k(WA)dX < —Co]E/ /¢Z(WA)‘VWA|2—|—/\1E/ /‘DZ(WA)(
D o Jp 2 o Jp
t
< 1/\1E/ /‘DZ(WA)dXdS
2 o Jp

Then using the previous Lemma and Gronwall Lemma yield

E / Sr(Wa))dx < C(q)Ast|D|eC@N!
D

Thus, E/ dy(W4)dx is bounded independently of k.

D
Finally, ®x(x) by monotone convergence theorem we conclude that

im B | &4(Wa(t)dx < C(a)t]D]e@N
D

K—o0

for all t > 0.
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Adapted process

In the study of stochastic processes, an adapted process (also referred
to as a non-anticipating or non-anticipative process) is one that cannot
"see into the future". An informal interpretation is that X is adapted if
and only if, for every realisation and every n, X, is known at time n.

Definition
Let
e (Q,F,P) be a probability space;
e | be an index set with a total order < (often, | is N, Ny, [0, T] or
[0, +00) ) ;
o F. = (Fj);c/be afiltration of the sigma algebra 7;
e (S,X) be a measurable space, the state space;
e X :I/xQ — Sbe a stochastic process.

The process X is said to be adapted to the filtration (F;),, if the

random variable X; : Q — Sis a (Fj, ¥)-measurable function for each
iel
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e D is an open bounded set of R” with a smooth boundary 9D;
e The nonlinear function f is a smooth function which satisfies the

following properties:
(F1) There exist positive constants Cy and C such that

fla+ b)a< —Cya® + h(b), |h(b)| < Cx(b? +1), foralla,bc R
(F2) There exists a positive constant C4 = C4(M) such that
|£(8)| < Ca(ls — MIP~T +1)

(F3) There exists a positive constant Cg such that

f'(s) < Ce.
2p—1 .
In particular, one could take f(s) = Z b;js’ with bop_1 < 0,p > 2.
j=0
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e Ais Lipschitz continuous from R” to R”, A(0) = 0 and
|A(a) - A(b)] < Cla-b|, C>0 (@)
e Alis coercive
(A(a) — A(b))(a— b) = Co(a—b)?, Co>0 (3)

forall a,b € R".

(T. Funaki, H. Spohn,Communications in Mathematical Physics, 1997).
Remark:
If A=Il= —div(A(Vu)) = -Au.
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A priori estimates

o Multiply the equation of upy by Ujm = Ujn(t) and sumonj=1,...m
0
[ ituntx.t) — M)(un — 1)
D
—— [ AV (= M+ W) — AV (W] — M)
D
e Coercivity property of A to bound the generalized Laplacian term
- [[JA(T(un — M-+ W) — AV (WADIV (o — M)

<~Co [ [V(un— M)Pox
D
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A priori estimates

Using the property F; we deduce that
/ F(Um + Wa(8))(Um — M) = /Df(um — M+ M+ Wa(t)) (U — M)
D

<~ [ Cilun-MPP 1 Co [ |Wa(t)?
D D
+CZ|D|7
Integrating from 0 to T and taking the expectation :
E/(um(T)—M)ZdX+ZCOE/ |V (um — M)[2dx
D D
+201E/(Um — M)?P
D
;
g/(um(O)—M)zderQCgE/ /]WA(t)]2p+202\D]T
D 0 D
<K
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Monotonicity argument

(M.Marion 1987- N.V.Krylov and B.L.Rosovskii 2007)
Let w(t,w) be any measurable function in (¢, w) with values in
H'(D) n L2P(D).
.
Om = E / &S5 (2(dliv (A(Y (Um — M+ Wa)))
0

—div(A(V(W — M + Wa))), um — M — (w — M))
+2(f(um + Wa) — f(w + Wa), um — M — (w — M))
~Cllum — M~ (w — M)|*}ds
= Ji+db+d3

Using the coercivity property of A and f' < Cg we prove that :

Om <0, choosing ¢ large enough.

Perla El Kettani (University of Paris-Sud) Seminar ANEDP 4 mai 2017 22/22



Monotonicity argument

For J; use the coercivity property

’
4 = -2E /O e [ [A(V(un— M+ Wa)) ~ AT (W — M-+ W)
[ — M — (w — M)]

IN

)

—2001@/ =% |um — w|Pds
0

<0

Using (F3) and mean value theorem :

.
b = IE/ e S(f(um + Wy) — f(w + Wa), um — w)ds
0

)
< IE/ =% Cy||um — w|2ds
0

Choosing ¢ > Cg we get our result.
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Monotonicity

We choose w — M = u— M — \v, A € R, such that that v({,w) is any
measurable process with values in V N L2P(D).

;
IE/ e (b + x — div(AV(U — M+ Wa)) — f(u + Wa), v)dt < 0
0
Since v is arbitrary, it follows that
(®+x,v) = (div(AV(U— M+ Wp)) + f(u+ Wa),v),
forall v € V n L?P(D).

We conclude that a.s.:

u(x,t) = eo(x)+ /ot div[A(V(u+ Wa)) — A(VWy)]ds + /Ot f(u+ Why)

t
—/ 1/ f(u+ Wa)dxds
o [DlJp
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